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B. Kostant once pointed out to the author the following fact about a 
root system of type I&. Let d be such a root system and let l7= {a,, . . . . aa} 
be a base of d. Define the height function with respect to 17 
ht: A+Z 
as usual by 
Then 
i=l 
l There are eight roots of height 1 and these form a base of A 
l There are seven roots of height 7 and one root of height -24 and 
these form a base of A 
l There are six roots of height 11 and two roots height -20 and 
these form a base of A 
l There is one root of height 29 and seven roots of height -2 and 
these form a base of A. 
These bases (a total of eight) appear at steps mi where m,, . . . . m, are the 
exponents of A. Observe that if B= {p,, . . . . p,} is one of the bases 
described above then ht(Bi) = ht(pj) mod 31 for all 1 < i, j < 8. With this as 
motivation consider an arbitrary indecomposable reduced root system A of 
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rank I and fix a base II= {Q,, . . . . a,) of A. Let h be the Coxeter number of 
A. A base B = {PI, . . . . fl,} of A is said to be special (with respect to n) if 
ht(/IJ = ht(/Ii) mod(h + 1) 
for all 1 6 i, j< 1 where ht: d -+ Z denotes the height function of d with 
respect to 17. 
In the present paper we classify all special bases of d. More precisely, let 
W be the Weyl group of A. We establish the existence of a subgroup 
S= S(Z7) of W whose (faithful) orbits on I7 give the set of special bases. 
The structure of S as a group is that of the Galois group of the (h + l)- 
cyclotomic field. In particular, the number of special bases is &h + 1) 
where 4 denotes Euler’s phi-function. 
The tools used in the proof were developed by the author in [4] to study 
elements of finite order in compact Lie groups. Kostant’s observation made 
it clear that the nature of the bases of d described above was analogous to 
that of a subgroup of W (called special group) introduced in [4]. 
Let us begin by briefly describing how elements of finite order enter into 
the picture. Let 8 be a simple simply connected compact Lie group with 
root system A. If x E 6 is an element of order N then the smallest field A(x) 
containing all character values of x at every finite dimensional complex 
representation of 8 is such that Q c A(x) c Q(t) where r is a primitive 
N th-root of unity. In [4] we show that 
Gal(Q(<): -4(x)) = WoIW1, 
where W,, and WI (called the decomposition and inertia groups of x) can be 
described as follows: Fix a maximal torus 2 of 6. Then x is conjugate to 
an element of the form exp i2nN-‘z* where z* belongs to the coroot lattice 
Q”. Let P be the weight lattice and let 
Then 
and 
wD= (WE W(w3=3) 
W,= {wE WIwpzp modJ; VpEP}. 
A most interesting example of an element of finite order is given by the 
so-called extended principal element 
8,=exp i2rr(h+l)-‘p”, 
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where p” = f sum of the positive coroots. This element (whose order is 
h + 1 or 2(h + 1) according to whether p” E Q” or not) takes rational 
character values in every representation of 6 (see [3]) so that A(e,)=Q. 
Moreover, W, = { 1 } since 8i is regular ([4, Sect. 5, Proposition 61). By 
looking at the structure of W,, for this element one obtains 
THEOREM ([4, Sect. 7, Theorem 171). Let A, Z7, and W be us abooe. Let 
S= {WE Wlht(wa,)rht(wcri) mod(h+l) Vl <i,j<:}. 
Set ( = ei2n(h + ‘)-‘. Then 
(i) S is a group isomorphic to the Galois group of the (h + 1) 
cyclotomic field. Under this isomorphism w H ow where 6,: 5 I+ rht(wrri). 
(ii) Suppose h + 1 is a prime number and let c be a generator of S. 
Then c is a Coxeter transformation admitting u,, .,., al as representatives of 
its 1 orbits of length h in A, and 
is a generator of the Galois group Gal(Q(t): Q). Moreover, every generator 
of this Galois group can be realized by a Coxeter transformation in the above 
fashion. 1 
The structure of special bases follows at once from this theorem. Indeed, 
if s E S then si7 is a special base, Conversely if B is a special base and 
B = wZ7 for some w  E W then w  E S. By part (i) of the theorem we conclude 
that there are &h + 1) special bases and that these are all obtained from 17 
in the fashion claimed above. 
Observe that in the case of E, where h = 30 there are 30 special bases. 
The 8 described by Kostant are somehow the most interesting ones to the 
extent that they correspond to the exponents of W. We could ask ourselves 
for which root systems do the exponents appear in this fashion. To this end 
let us define for each 1 <n <h 
A,= {a~AJht(a)=n mod(h+ l)}. 
PROPOSITION 1. Card(A,) = 1 for all 1 <n < h. In particular A = 
ut=, A, (disjoint union).’ 
Proof: Recall that (see [2], Chap. lo]) 
1 This seems to be a well-known result. For some reason it has been left out of the usual 
literature. 
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(a) m is an exponent of W if and only if h -m is an exponent of W. 
Moreover any two exponents which are so related have the same mul- 
tiplicity. 
(b) -h<ht(a)<h for all CZEA. 
(c) The excess of the number of roots of height n over the number of 
roots of height n + 1 is equal to the multiplicity of n as an exponent of W. 
Because of (b) we have A, = Il and A, = -n so that the proposition 
holds for n = 1 and n = h. Let 1 <n <h and suppose Card(A,) = 1. Since 
A ,,+,= {aEAJht(cr)=n+l or ht(a)=n-h} 
the case n + 1 now follows from (a) and (c). Finally, Card( u$= i A,) = Ih = 
Card(A). 1 
The next result characterizes which A,, are bases of A. 
PROPOSITION 2. Let 1 < n < h. For A,, to be a base of A it is necessary 
and sufficient that n be relatively prime to h + 1. Moreover, every special 
base of A is of this form. 
Let G = Gal(Q(<): Q). If A, is a base of A then A, is special. As we saw 
above there exists an element w  E S c W such that wZI = A,,. Under the 
isomorphism S N G described in (i) of the above theorem, w  corresponds to 
the map t H <ht(wal) (which does not depend on i since w  is special). But 
ht(wa,) = n mod(h + 1). Thus n is relatively prime to h + 1. Conversely, sup- 
pose that n and h + 1 are relatively prime. By considering an element w  E S 
which corresponds to the map 5 + <” under the isomorphism S z G we 
condude that A, contains a special base B = (j?,, . . . . 8,) of A where wai = fii 
for all 1 ,< i < 1. By Proposition 1 we have A,, = B. 
Finally, let B = {PI, . . . . /I,} be a special base of A. Then there exists 
1 <n < h such that ht(/I,) =n mod(h+ 1). Then B= A,, because of 
Proposition 1 and hence every special base is as desired. 
We finish this paper by answering the question about the exponents. 
PROPOSITION 3. Let m,, . . . . ml be the exponents of W. For A,,, . . . . A,, to 
be bases of A it is necessary and sufficient that h + 1 be a prime. 
Proof. If h + 1 is a prime then A, is a base of A for all 1 <:n < h 
(Proposition 2). In particular, so are the A,,. Conversely, suppose that A,,,, 
is a base of A for all l<i<l. Then each -A,,=A,,+l-,,,, is also a base of 
A which moreover is special since A, is special. Hence under our present 
assumption the number of special bases of A is aNd where 
N,=Card{mj; h+ 1-m,li= l,...,I). 
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(Note that the same number may appear twice in this list as an mi and as 
an h + 1 - mj. Such number is to be counted only once when computing 
N,, .) On the other hand there are #(h + 1) special bases. Thus 
We must show that h + 1 is a prime. If d is of exceptional type then h + 1 
is a prime. When A is of classical type straightforward computations show 
that N, = h and hence that h + 1 is a prime because of the above inequality. 
(Curiously enough iVd < h when A is of exceptional type, so that in this 
case the above argument, which is not needed, does not work.) 
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